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Fig. 1. We use our hybrid solver to solve a heat-flow problem and extract smooth potential paths in the complex geometry of a cluttered warehouse (left),
where objects and walls are modeled as Neumann boundaries (shown with dashed black lines on the right). By combining the geometric flexibility of Monte
Carlo methods (e.g., Walk on Stars [Sawhney et al. 2023]) with the global coupling of grid-based solvers, our approach produces potentials with low variance
and controlled bias (top-right) that enable reliable streamline extraction. In contrast, Walk on Stars is dominated by noise, making streamline extraction
impractical. The efficiency of our method arises from two factors: shorter, localized walks within decomposed subdomains (16 steps on average versus 635
for Walk on Stars) that reduces Monte Carlo variance, and a deterministic global solve that exactly solves an induced discrete random-walk system with
controlled bias and no additional variance. As a result, our method computes the full solution in 9.7 seconds at equal sample count—compared to over 3 hours
for Walk on Stars—while achieving a 4.5× lower error. This setup also naturally allows for efficient re-solves given local scene geometry edits, see Figure 3.
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Elliptic partial differential equations are ubiquitous in graphics and engi-
neering, but remain challenging to solve on complex or evolving geometries.
Traditional discretization schemes (e.g., FEM/FDM) provide stable, glob-
ally coupled solutions but require heavy meshing or extreme refinement
to accurately resolve geometric detail. In contrast, grid-free Monte Carlo
methods (e.g., Walk on Spheres/Stars) adapt naturally to arbitrary geometry
and offer massive parallelism, but rely on long random walks whose variance
grows rapidly, particularly in the presence of Neumann boundaries, leading
to slow convergence. We introduce a hybrid approach that combines the
geometric flexibility of Monte Carlo estimation with deterministic global
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solves that do not introduce additional stochastic error. Our method decom-
poses the domain into simple, regular subdomains and uses Monte Carlo
to estimate local �rst-passage solution operators (Poisson kernels), where
walk lengths and variance are inherently controlled by the reduced spatial
scale. These local operators are assembled into a sparse global system whose
solution is obtained via a deterministic linear solve that exactly replaces
simulating discrete random walks throughout the domain. This global solve
trades stochastic variance for a �xed, resolution-dependent discretization
bias, yielding stable and reusable solution operators. As a result, our method
attains accurate, geometry-aware solutions even on coarse discretizations,
and enables e�cient solves and re-solves by computing and updating only
the local operators a�ected by the geometry and its changes. We evaluate the
approach on complex two-dimensional domains, benchmarking accuracy
and convergence against standard grid-free and grid-based baselines, and
demonstrate applications to microstructure simulation and �ow-based path
planning and streamline visualization.

CCS Concepts: ˆ Mathematics of computing ! Partial di�erential
equations; Integral equations; Probabilistic algorithms.
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1 Introduction
Many real-world systems and environments involve complex geome-
tries, such as cities, datacenters, electronic circuits, and warehouses.
In such settings, the physical phenomena of interest are often well
modeled by elliptic boundary value problems (BVPs) [Evans 2022],
e.g., heat conduction, electrostatics, path planning (Figure 1), and
steady-state potential �ows (Figure 4). However, analyzing or de-
signing such systems through their governing PDEs is particularly
challenging due to their highly complex geometry, and becomes
even more cumbersome when the geometry is repeatedly modi�ed
during iterative design or time evolution.

Grid-based PDE solvers, such as the �nite di�erence method
(FDM) and �nite element method (FEM), do not scale gracefully
with geometric complexity. FDM struggles to represent intricate
boundaries without excessive or adaptive grid re�nement, while
FEM requires expensive volumetric meshing to faithfully capture
�ne geometric detail. In practice, this creates a stark trade-o�: achiev-
ing low error requires meshes with a very large number of degrees
of freedom, whereas coarser discretizations exhibit substantial bias
(Figure 2, right). On the other hand, grid-free Monte Carlo meth-
ods [Sawhney and Crane 2020; Sawhney et al. 2023; Miller et al.
2024] have recently gained popularity in the graphics community.
The Walk on Spheres algorithm (WoS) [Muller 1956; Sawhney and
Crane 2020] and its extensions such as the Walk on Stars algorithm
(WoSt) [Sawhney et al. 2023; Miller et al. 2024] avoid the need for
meshing and explicit basis functions, and instead rely on point-wise
geometric queries, leading to unbiased estimators that o�er scala-
bility, parallelism and geometric �exibility. Unfortunately, Monte
Carlo methods trade bias-free estimation for variance. Even in the
presence of simple geometry, they are plagued by notoriously slow
convergence, in particular when Neumann boundaries dominate
(see Figure 2, left). A key observation is that this slow convergence is
inherent to point-wise, iterative, uncorrelated estimators rather than

Fig. 2. Pure Monte Carlo (MC) methods, here Walk on Stars (WoSt) [Sawh-
ney et al. 2023], su�er from excessive variance in Neumann-dominated
scenarios (le�). FEM solutions, in contrast, depend strongly on the un-
derlying mesh (inset), resulting in significant bias at coarse resolutions
(right). Our method (center) bridges these two regimes using a simple grid-
like decomposition�without explicit meshing�achieving in this example
roughly half the error at equal Monte Carlo sample budget( pp and compara-
ble numbers of degrees of freedom (DoFs). Dashed lines indicate Neumann
boundaries, while Dirichlet conditions are prescribed on the square domain.
Please refer to Section 6 for a definition and discussion of #•) and �.

the coupled structure of a global solve. This observation leads us
to ask: can we bridge continuous Monte Carlo estimators and discrete
approximations to leverage the best of both worlds?

Our main intuition is that Monte Carlo (MC) estimators are par-
ticularly e�ective at estimating solutions of BVPs on local domains
with simple exit statistics but tend to struggle on larger and more
intricate domains, where the underlying random walks become ex-
cessively long and high-variance. By contrast, once a graph or mesh
coupling spatial locations has been constructed, global coupling
enables discrete elliptic systems to be solved e�ciently and reli-
ably [LeVeque 2007; Hughes 2003]. We therefore propose to decom-
pose complex domains into simple, regular subdomains�typically
a regular tiling�for which local exit statistics can be e�ciently
estimated using Monte Carlo methods, such as WoS/WoSt [Sawh-
ney and Crane 2020; Sawhney et al. 2023]. The variance in these
local operator estimates is signi�cantly reduced due to the smaller
spatial scale and simpler boundary geometry encountered locally.
Once tabulated, these statistics de�ne local solution operators that
map boundary values of each subdomain to its interior solution,
providing immediate access to interior values given boundary data.
However, the values at interfaces between subdomains are them-
selves unknowns of the global BVP. To address this, we observe
that the global solution can be interpreted as a random walk be-
tween subdomain interfaces, rather than within the full continuous
domain. We estimate the corresponding transition probabilities us-
ing the same Monte Carlo machinery as above. When discretized,
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Fig. 3. In the warehouse se�ing of Figure 1, which exemplifies a scene dominated by Neumann boundaries, local geometry edits�such as adding or removing
obstacles�can lead to large changes in potential paths. In our method, these edits translate to local modifications of the discrete random walk induced on the
decomposed subdomains, enabling e�icient, localized recomputation.

this construction leads to a discrete Dirichlet problem that can be
formulated as an absorbing Markov chain [Doyle and Snell 1984;
Levin and Peres 2017] and solved via a sparse linear system. Cru-
cially, once the local operators have been estimated, the global solve
exactly replaces simulating the discrete random walks. This step is
fully deterministic, introduces no additional variance, and absorbs
geometric complexity into the precomputed transition statistics.

We empirically validate each component of our method, study
its convergence, and analyze how its components interact. Remark-
ably, our method can be viewed as a bridge between grid-based
approaches and a pure Monte Carlo caching of the solution oper-
ator, exposing a wide range of practical trade-o�s. We provide a
detailed analysis of these trade-o�s and identify when and how our
hybrid approach is most e�ective, depending on the target reso-
lution, the Monte Carlo sampling budget, and the computational
regime, namely parallel operator estimation versus serial global
solve. In particular, our method o�ers a principled way to amortize
the variance inherent to Monte Carlo estimators, which typically
arises from long random walks. Conversely, approximating larger
solution operators in parallel with Monte Carlo amortizes the global
discrete solve by reducing system size. Furthermore, by relying on
Monte Carlo�estimated local statistics, the resulting discrete system
becomes geometry-aware and subgrid-accurate, while retaining the
locality and structure of grid-based methods. This locality enables
e�cient re-solves when the geometry evolves over time, as only a
small subset of local operators needs to be recomputed.

We demonstrate the capabilities of our solver on challenging
scenarios involving complex and changing geometry, including mi-
crostructures and a range of geometric problems such as �ow-based
path planning or streamline visualization. While our experiments fo-
cus on the two-dimensional setting, extending the method to three
dimensions entails the same algorithmic challenges as standard
grid-based solvers, while continuing to bene�t from the geometric
�exibility of Monte Carlo methods. Finally, although we restrict
our treatment to zero-Neumann conditions, we view its extension
to more general boundary conditions as a promising direction for
future work.

2 Related Work
Monte Carlo Methods for Solving PDEs. Monte Carlo methods for

elliptic PDEs build on probabilistic interpretations (e.g., Feynman�
Kac and �rst-passage formulations) to solve boundary value prob-
lems (BVPs). The Walk on Spheres (WoS), originally introduced by
Muller [1956], has become a practical tool for solving Poisson-type
problems in complex geometry [Sawhney and Crane 2020; Sawhney
2024]. Subsequent works extended WoS to spatially varying coe�-
cients [Sawhney et al. 2022], various boundary conditions, including
Neumann [Sawhney et al. 2023] and Robin [Miller et al. 2024], and
in�nite domains [Nabizadeh et al. 2021]. For a self-contained and
comprehensive exposition, we refer the reader to the thesis of Sawh-
ney [2024] and the recent course by Sawhney et al. [2025].

A growing body of work studies variance reduction and caching
mechanisms [Miller et al. 2023; Bakbouk and Peers 2023; Zhou
et al. 2025], relying on neural networks [Li et al. 2023] or mix-
tures of Gaussians [Lu et al. 2025]. These methods mostly rely on
�reuse� [Miller et al. 2023; Bakbouk and Peers 2023] or correlations
across walks [Bao et al. 2025] to reduce variance for a single so-
lution given speci�c boundary data and geometry, requiring full
recomputation when either changes. In contrast, we use Monte
Carlo primarily as a way to estimate local solution operators on
subdomains. Once estimated, one can use them to solve for any
boundary values via a fully deterministic global solve. Furthermore,
these existing works rely on Monte Carlo walks in the entire domain
to �enrich� their caches or statistics, which su�er from exceedingly
long walks in Neumann-heavy geometry. Our decomposition re-
stricts walks to small subdomains with signi�cantly shorter walks
(e.g., 43� in Figure 15).

First-Passage Methods and Tabulated Kernels. First-passage meth-
ods appear under many names including �rst-passage distributions,
Green's-function �rst-passage (GFFP), and Poisson kernels, and have
been tabulated or approximated in several communities [Given et al.
1997; Hwang et al. 2001; Hwang and Mascagni 2003]. Closed-form
kernels derived via the method of images are accurate but typically
restricted to simple primitives [Given et al. 1997]. Recent work has
also explored connections with conformal maps in 2D to derive
closed-form formulas for simple primitives [Himmler and Günther
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